Ultrasonic nondestructive inspection of large-diameter pipes is important
Introduction
Mathematical modeling of wave propagation in the axial direction of a cylinder has been studied extensively. However, for wave propagation in the circumferential direction, which is essential for nondestructive testing ͑NDT͒ of large diameter pipes, literature shows fewer investigations. Viktorov's work ͓͑1͔͒ establishes the fundamental mathematical modeling of the problem for isotropic material properties. He has introduced the angular wave number concept and has derived, decomposed and solved the governing differential equations. He has considered only one curved surface; in other words, he has found the solution for convex and concave cylindrical surfaces. In order to obtain the results for curved plates Qu et al. ͓2͔ have added the boundary conditions for the second surface and solved the problem of guided wave propagation in isotropic curved plates. Different aspects of the circumferential direction wave propagation along one or multiple curved surfaces have been analyzed by Grace and Goodman ͓3͔, Brekhovskikh ͓4͔, Cerv ͓5͔, Liu and Qu ͓6, 7͔ and Valle, Qu, and Jacobs ͓8͔. In all these works the material has been modeled as isotropic elastic material.
Many investigators have solved elastic wave propagation problem in homogeneous and multilayered anisotropic solids. However, all those works have been limited to the flat-plate case ͓͑9͔͒ or for waves propagating in the axial direction of a cylinder ͓͑10͔͒. Wave propagation in the circumferential direction of an anisotropic curved plate has not been analyzed earlier, and solved for the first time in this paper.
Unlike isotropic materials for which the Stokes-Helmholtz decomposition technique simplifies the problem, for anisotropic case no such general decomposition technique works. The differential equations remain coupled and require a more general solution technique.
The new technique, presented in this paper, solves coupled set of differential equations without attempting to decouple the equations. Hence it removes the obstacle arising from not being able to decouple the equations. Consequently it provides a systematic and unifying solution method, which is capable of solving a set of coupled differential equations, and can be utilized to solve a variety of wave propagation problems.
Fundamental Equations
The formulation presented here is for the wave propagation in a cylindrical curved plate in the direction of the curvature as shown in Fig. 1 . We will interchangeably call the wave carrier a ''curved plate,'' ''cylinder,'' ''pipe segment,'' or simply ''pipe'' all meaning the same thing. What we are interested in is analyzing the dispersive waves in the curved plate for waves propagating from section T to R ͑see Fig. 1͒ . This analysis does not include the reflected guided waves from the plate boundary. The problem geometry can be a segment of a cylinder or a complete cylinder.
Wave propagation in circumferential direction in pipes with isotropic material properties is usually modeled as a plane strain problem; i.e., the displacement component along the longitudinal axis of the pipe is set equal to zero. For a few other types of anisotropy this situation remains valid. However, for general anisotropy the longitudinal component of displacement must be considered in the mathematical modeling. The symmetry of both geometry and material properties is required for plane-strain idealization. In absence of such symmetry a three-dimensional mathematical modeling is necessary.
In cylindrical coordinates, strain components in terms of displacements can be written as
The stress and displacement components are shown in Fig. 2 . And constitutive matrix for general anisotropy contains 21 independent elastic constants:
Equations of motion for three components of displacement in cylindrical coordinates are as follows:
Stress components in the above equations can be substituted in terms of displacement components. Since displacement components are functions of wave forms, time dependency of waves must be established.
Wave Form
In cylindrical geometry the generation of surface waves in the circumferential direction with a plane wave front requires the circumferential wave speed to be a function of the radial distance. Viktorov ͓1͔ has introduced this concept and called it the angular wave number. Similar formulation has been adapted here:
where U r (r), U t (r), and U z (r) represent the amplitude of vibration in the radial, tangential, and axial directions, respectively. ''i'' is the imaginary number ͱϪ1. It should be noted here that the phase velocity is not a constant and changes with radius. As shown in Fig. 1 the phase velocity has to be proportional to the radius to have a plane wave front. Hence, if c b is assumed to be the phase velocity at the outer surface with radius b; for other points having a radius r the phase velocity would be
For the flat-plate case wave number k is defined as /v ph because curvature does not change. However, for a curved plate the same definition would be r dependent. Thus the angular wave number p, which is independent of r is defined as
Governing Differential Equations
Subsequent substitution of Eqs. ͑4͒, ͑1͒, and ͑2͒ into Eq. ͑3͒ yields the following governing differential equations: Transactions of the ASME
Boundary Conditions
In order to obtain the dispersion curves, the traction-free boundary conditions ͑zero stress values on the inner and outer surfaces of the pipe͒ must be satisfied. Hence, at rϭa and rϭb:
Solution
It can be seen that all differential equations are functions of three displacement components and their derivatives. It should be also noted that U r (r), U t (r), and U z (r) are functions of the radius only and they appear in all equations. Therefore, there are three coupled differential equations and six boundary conditions that must be satisfied simultaneously.
To solve the equations, the unknown functions are expanded in Fourier series ͑FS͒. Substitution of FS expansions into the differential equations provides three algebraic equations that must be satisfied for the entire problem domain. To satisfy the equations for a given number of FS terms weighted residuals integration with a linear weight function has been utilized:
The radius corresponding to the peak value of the linear weight function can take any value between the inner and the outer radius, each resulting one independent equation. Hence from every differential equation any number of equations can be obtained.
On the other hand, it is known that the general solution is a linear combination of all solution functions that can be obtained. Therefore, the general solution should contain combinatorial parameters. The number of combinatorial parameters is the same as the number of individual solutions. These combinatorial parameters are necessary to satisfy the boundary conditions. Satisfaction of six boundary conditions requires six parameters and six equations. Therefore the necessary and sufficient number of combinatorial parameters is six and it indicates the existence of six independent solutions.
Substitution of solution functions into the differential equations leads to three equations, each containing all of the FS parameters. In other words, all FS parameters for the three amplitude functions appear in every equation. Because of this coupling, the values of parameters obtained for FS expansion of U r (r), U t (r), and U z (r) are not independent and a solution must yield all parameters as one set of results. Since the equations are linear and the results must be combined using combinatorial parameters only their relative values must be found. Therefore one of the FS parameters can be assumed equal to one. Then the relative values for other FS parameters can be calculated in terms of this unit value. Each set of the parameter values defines a set of dependent shapes for the above amplitude functions; these are called basic shapes. Since the number of equations must be equal to the number of unknowns a specific number of weight functions are required.
The FS expansion for U r (r) can be written as
which contains 2mϩ1 parameters or coefficients, x n and y n . With two other expressions for U t (r) and U z (r) the number of unknowns increases to 6mϩ3. Performing weighted residuals method, a set of linear equations results: where x sϩ1 ,x sϩ2 , . . . ,x sϩ6 represent the last sine and cosine terms of FS expansions. Assigning six independent unit vectors to the last six parameters as shown in Eq. ͑10͒, 
yields six independent solutions. Therefore the number of equations has to be sϭ6mϪ3. Consequently, the general solution can be obtained as a linear combination of the above solutions:
The superscript for FS parameters shows the solution set number. Substitution of the obtained FS parameters into stress components on the inner and outer surfaces of the pipe leads to an eigenvalue problem. The determinant of the coefficients of A i should be zero for any point located on the dispersion curves.
Numerical Results
Based on the proposed mathematical modeling a Mathematica program has been developed. To ensure the validity of the modeling and the computer program, its results are compared with the available dispersion curves for anisotropic flat plates by using small ratios of thickness to radius, when pipe geometry approaches flat plate geometry. Additionally, the results are compared with the published results for isotropic pipes ͓͑2͔͒. Since the exact input values have not been reported by Qu et al. ͓2͔, the comparison is done only qualitatively. The dispersion curves are also given for anisotropic pipes.
A Comparison With Available Data for Isotropic Flat
Plate. Dispersion curves for a flat plate are given in Mal and Singh ͓11͔, see Fig. 3 . Curves for the same plate thickness and material properties, but having an outer radius of 1 m, are generated by the proposed method and shown in Fig. 4. A comparison of Figs. 3 and 4 shows a very good match between the two when only 20 terms are used in the FS expansions.
B Comparison With Available Data for Anisotropic Flat
Plate. Dispersion curves for anisotropic flat plates are available in the literature ͓͑12,13͔͒. In this section our results are compared with those given in Rose ͓13͔.
For the unidirectional composite plate or pipe with a zerodegree angle between the wave propagation direction and the fiber direction as shown in Fig. 5 , the material and the geometric symmetry conditions are maintained; hence, the plain-strain formulation remains valid. Consequently the constitutive matrix reduces to the following form: It is interesting to note that smaller value of m gives broken lines. Therefore the user can easily realize the need for a greater number of terms in the FS expansion when the lines in the dispersion curve plot are found broken. There are some missing parts of curves in Fig. 7 that can be obtained by increasing m. However, for mϭ30 we get enough information for comparison with the results given by Rose ͓13͔.
For the same material with fibers going in the longitudinal direction of the pipe, the constitutive matrix changes to Eq. ͑13͒. 
Obtained results for this case also match with the corresponding dispersion curves presented by Rose ͓13͔; see Figs. 9 and 10. For the case where fibers are oriented at 45 deg relative to the pipe axis, plane-strain assumptions are no longer valid. The constitutive matrix for this case is obtained by transformation of the coordinate system as shown in Eq. ͑14͒. See Figs. 11͑a͒, 11͑b͒ and 12 for comparison. This case also shows an excellent match between the available data and the obtained results. 
Since for the curved plate, the midplane is not the plane of symmetry, the dispersion curves cannot be grouped as symmetric and antisymmetric modes. That is why all modes are shown together in Fig. 12 for a large-diameter pipe. To show the effect of the radius of curvature on the dispersion curves the pipe radius is varied from 1000 mm to 2.5 mm keeping the wall thickness and material properties same as those mentioned in the figure captions for Figs. 7 and 9. Dispersion curves obtained by the 30 terms FS expansion for rϭ1000, 10, 5, and 2.5 mm are shown in Figs. 15 and 16 . Figure 15 shows dispersion curves for fibers going in the circumferential direction and Fig. 16 is for fibers going in the axial direction while the waves propagate in the circumferential directions in both cases.
C Comparison With Available Data for Isotropic Pipe
From Figure 15 one can see that for fibers oriented in the circumferential direction the dispersion curves do not change significantly as the outer radius ͑r͒ is reduced from 1000 mm to 10 mm. However, as r is reduced further the deviation of the dispersion curves from the large radius case is no longer negligible. For 
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Transactions of the ASME fibers oriented in the axial direction ͑Fig. 16͒ the dispersion curves remain almost unchanged for rϭ1000 mm down to 2.5 mm. For rϭ2.5 mm the dispersion curves are obtained with m ϭ45 in FS expansion of amplitude functions. The computation with mϭ30 gave too many broken lines in the dispersion curve plot for rϭ2.5 mm. In summary, a comparison between Figs. 15 and 16 shows that the effect of curvature is stronger when the fibers are oriented along the circumferential direction and hence when the fibers also have a curvature. When the fibers are oriented in the axial direction and hence don't have any curvature the flat-plate approximation can be extended to pipes of much lower radius.
Dispersion curves for the 5-mm outer radius pipe with fibers oriented along the 45 deg direction are shown in Fig. 17 . This result is obtained for the material properties given in Eq. ͑14͒. In the frequency range smaller than 1 MHz, some vertical lines appeared due to the numerical errors when the number ͑m͒ of FS terms is 25. By increasing m to 35 those lines disappeared. The results for mϭ35 are shown on the left side of Fig. 17 .
Conclusion
A solution technique based on the Fourier series expansion of the unknown quantities has been introduced to solve the elastic wave propagation problem in anisotropic cylindrical plates in the circumferential direction. Accuracy of the technique has been verified by comparing the computed results for isotropic pipes with the published results. Since no published results are available for wave propagation in the circumferential direction in anisotropic cylindrical plates, the computed dispersion curves for anisotropic curved plates could not be compared with any results available in the literature. However, the Lamb wave dispersion curves for flat plates can be computed and those values are used to check the accuracy of the proposed technique. With the new technique, dispersion curves for cylindrical plates with large radius of curvature ͑outer radius of curvature to thickness ratio equal to 1000͒ have been computed and compared with the flat-plate results for both isotropic and anisotropic materials. Computed results for such low curvature plates matched very well with the flat-plate results. The effect on the dispersion curves as the curvature of the anisotropic plate increases has been also studied.
The solution technique used for this specific wave propagation problem is a newly developed general solution technique for solving a coupled partial differential equation set ͓͑14͔͒. Applicability of this technique to other wave propagation problems is currently under investigation. 
